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DERIVED CATEGORY OF FINITE SPACES AND GROTHENDIECK
DUALITY
F. SANCHO DE SALAS AND J.F. TORRES SANCHO
Abstract. We obtain some fundamental results, as Bokstedt-Neeman Theorem and Grothendieck
duality, about the derived category of modules on a finite ringed space. Then we see how these
results are transfered to schemes in a simple way and generalized to other ringed spaces.
Introduction
Finite ringed spaces are a especially simple example of ringed space and they appear in a
natural way as finite models of more general ringed spaces. In the topological context, the use
of finite models for the study of general topological spaces goes back to Mc Cord ([8]) and it is
still a useful tool nowadays (see for example [2], [3] and [4]). In a more algebraic context, as the
theory of schemes, finite ringed spaces (or more generally quivers with a representation) have
been used for the study of the category of quasi-coherent modules on a scheme (for example,
in [6],[12]). Schemes admitting a finite model are precisely quasi-compact and quasi-separated
schemes. The finite models of these schemes (resp. of quasi-compact and semi-separated schemes)
are an example of schematic finite spaces (resp. of semi-separated finite spaces), introduced in
[12], but there are schematic finite spaces that are not a finite model of a scheme. Our point of
view is that a lot of concepts and results on schemes can be generalized to schematic finite spaces,
recovering the results on schemes in a more essential and - generally - simpler way, and allowing
a further generalization to other ringed spaces. For example, the concept of affine scheme and
its different characterizations (as Serre’s cohomological criterion of affineness) led in [12] and [14]
to an analysis of the concept of affineness in the context of finite ringed spaces, schematic finite
spaces and then to arbitrary ringed spaces.
In this paper we continue this point of view: we obtain some fundamental results concerning
the derived category of modules on a finite ringed space, recovering then the analogous results
about the derived category of modules on a quasi-compact and quasi-separated scheme and then
obtaining new results in other ringed spaces. More specifically:
Let (X,O) be a semi-separated finite space, Qcoh(X) the category of quasi-coherent O-modules
and DQcoh(X) its derived category. Let us denote by D(X) the derived category of complexes
of O-modules and by Dqc(X) the full subcategory of complexes of O-modules with quasi-coherent
cohomology. Then we prove:
Theorem 3.2 (Bokstedt-Neeman theorem for semi-separated finite spaces). The natural functor
DQcoh(X)→ Dqc(X) is an equivalence.
2010 Mathematics Subject Classification. 18E30, 06A11, 14F05.
Key words and phrases. Finite spaces, quasi-coherent modules, Grothendieck duality, ringed spaces.
The authors were supported by research project MTM2017-86042-P (MEC).
1
2 F. SANCHO DE SALAS AND J.F. TORRES SANCHO
Theorem 3.5. Let f : X → Y be a schematic morphism between semi-separated finite spaces.
The diagram
DQcoh(X)
Rqcf∗ //

DQcoh(Y )

D(X)
Rf∗ // D(Y )
is conmutative, where Rqcf∗ is the right derived functor of f∗ : Qcoh(X)→ Qcoh(Y ).
Theorem 3.6. The category Qcoh(X) has enough flats: any quasi-coherent moduleM admits
a resolution
· · · → P−2 → P−1 → P0 →M→ 0
by quasi-coherent and flat O-modules.
Regarding Grothendieck duality we shall first prove the following theorem for any morphism
between finite ringed spaces:
Theorem 4.1. Let f : X → Y be a morphism between finite ringed spaces. The functor
Rf∗ : D(X)→ D(Y ) has a right adjoint.
This theorem generalizes the duality theorem of [10] from finite topological spaces to arbitrary
finite ringed spaces. In the quasi-coherent context we shall obtain:
Theorem 4.2. Let f : X → Y be a morphism between finite spaces (Definition 1.3). One has:
(1) The functor Rf∗ : DQcoh(X)→ D(Y ), composition ofDQcoh(X)→ D(X) andD(X)
Rf∗
→
D(Y ), has a right adjoint.
(2) If f is schematic, the functor Rf∗ : DQcoh(X)→ Dqc(Y ) has a right adjoint.
(3) If X and f are schematic, the functor Rf∗ : Dqc(X)→ Dqc(Y ) has a right adjoint.
(4) If f is schematic andX,Y are semi-separated, the functor Rqcf∗ : DQcoh(X)→ DQcoh(Y )
has a right adjoint.
In order to obtain all these results for schemes and morphisms of schemes (in Theorem 5.6),
we shall prove:
Theorem 5.4. Let S be a quasi-compact and quasi-separated scheme and π : S → X a finite
model. For any M∈ Dqc(S), Rπ∗M belongs to Dqc(X) and the functors
Rπ∗ : Dqc(S)→ Dqc(X), π
∗ : Dqc(X)→ Dqc(S)
are mutually inverse.
Finally, let us see how to obtain new results for general ringed spaces. The notion of affine
ringed space was introduced in [12] (see also [14]). This notion includes homotopically trivial
topological spaces on the one side and affine schemes on the other side. Here we introduce the
notion of quasi-compact and quasi-separated ringed space (Definition 6.5). In the topological
case we obtain topological spaces that admit a finite model, as finite simplical complexes and
h-regular finite CW-complexes. In the context of schemes, we recover the notion of a quasi-
compact and quasi-separated scheme. Using the results of [6] we shall obtain (Theorem 6.7)
that the category Qcoh(S) of quasi-coherent modules on a quasi-compact and quasi-separated
ringed space is a Grothendieck abelian category and admits flat covers and cotorsion envelopes.
DERIVED CATEGORY OF FINITE SPACES AND GROTHENDIECK DUALITY 3
Regarding Grothendieck duality, we introduce the notion of a semi-separable ringed space, which
essentially means those ringed spaces that admit a semi-separated finite model and then we
give a Grothendieck duality theorem for quasi-coherent modules for a morphism (with certain
“schematic” conditions) between semi-separable ringed spaces; the precise statement is:
Theorem 6.11. Let f : T → S be a morphism of ringed spaces. Assume that there exist an
open covering U = {U1, . . . , Un} of T and an open covering V = {V1, . . . , Vm} of S satisfying: (for
each t ∈ T, s ∈ S, we shall denote U t := ∩
t∈Ui
Ui, V
s := ∩
s∈Vj
Vj)
(1) U t (resp. V s) is affine, for any t ∈ T (resp. s ∈ S).
(2) For any U t ⊇ U t
′
(resp. V s ⊇ V s
′
), the morphisms
OT (U
t)→ OT (U
t′) (resp.OS(V
s)→ OS(V
s′))
are flat.
(3) H i(U t ∩ U t
′
,OT ) = 0 for any t, t
′ ∈ T and any i > 0 (and analogolously for S,V).
(4) OT (U
t ∩U q)⊗OT (U t) OT (U
t′)→ OT (U
t′ ∩U q) is an isomorphism for any t, q ∈ T and any
U t ⊇ U t
′
(and analogously for S,V).
(5) U t ⊆ f−1(V f(t)) for any t ∈ T .
(6) For any U t ⊇ U t
′
, any V s ⊇ V s
′
and any i ≥ 0 the natural morphisms
H i(U t ∩ f−1(V s),OT )⊗OT (U t) OT (U
t′)→ H i(U t
′
∩ f−1(V s),OT )
H i(U t ∩ f−1(V s),OT )⊗OS(V s) OS(V
s′)→ H i(U t ∩ f−1(V s
′
),OT )
are isomorphisms.
Then: the functor Rqcf
qc
∗ : DQcoh(T )→ DQcoh(S) has a right adjoint, where f
qc
∗ : Qcoh(T )→
Qcoh(S) is the right adjoint of f∗ : Qcoh(S)→ Qcoh(T ), and Rqcf
qc
∗ is its right derived functor.
This theorem may be understood as the essentialization of which properties of schemes are
involved in order to have a Grothendieck duality theorem for quasi-coherent modules.
1. Basics
Let X be a finite topological space. It is well known, since Alexandroff, that the topology of
X is equivalent to a preorder relation on X: p ≤ q iff p¯ ⊆ q¯, where p¯, q¯ are the closures of p and
q. For each point p ∈ X we shall denote
Up = smallest open subset containing p.
In other words Up = {q ∈ X : q ≥ p}. Thus, p ≤ q ⇔ Up ⊇ Uq. A map f : X → Y between finite
topological spaces is continuous if and only if it is monotone, i.e., p ≤ q implies f(p) ≤ f(q).
Definition 1.1. A finite ringed space is a ringed space (X,O) whose underlying topological space
X is finite. The sheaf of rings O is always assumed to be a sheaf of commutative rings with unity.
A sheaf of rings O on a finite topological space X is equivalent to the following data: a ring
Op for each p ∈ X and a morphism of rings rpq : Op → Oq for each p ≤ q, such that rpp = IdOp
for any p ∈ X and rql ◦ rpq = rpl for any p ≤ q ≤ l. One has that
Op = stalk of O at p = O(Up)
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and rpq is the restriction morphism O(Up)→ O(Uq).
A sheafM of O-modules (or an O-module) is equivalent to the following data: an Op-module
Mp for each p ∈ X and a morphism of Op-modules rpq : Mp → Mq for each p ≤ q, such that
rpp = IdOp for any p ∈ X and rql ◦ rpq = rpl for any p ≤ q ≤ l. Again, one has that
Mp = stalk at p of M =M(Up)
and rpq is the restriction morphism M(Up) → M(Uq). A morphism of O-modules f : M → N
is equivalent to giving, for each p ∈ X, a morphism of Op-modules fp : Mp → Np, which are
compatible with the restriction morphisms rpq.
If M is an O-module, for each p ≤ q the morphism rpq induces a morphism of Oq-modules
r˜pq : Mp ⊗Op Oq →Mq. It is proved in [13] that M is a quasi-coherent O-module if and only if
r˜pq is an isomorphism for any p ≤ q.
We shall denote by Mod(X) the category of O-modules on a ringed space (X,O) and by
Qcoh(X) the subcategory of quasi-coherent modules. For any ring A, Mod(A) denotes the cate-
gory of A-modules.
Example 1.2. The topological space with one element shall be denoted by {∗}. Thus, (∗, A)
denotes the finite ringed space whose underlying topological space is {∗} and the sheaf of rings
is a ring O∗ = A. For any ringed space (X,O) there is a natural morphism of ringed spaces
(X,O)→ (∗, A), with A = O(X).
Definition 1.3. A finite space is a finite ringed space (X,O) whose restriction morphisms
rpq : Op → Oq are flat.
The main properties of the category Qcoh(X) over a finite space are:
(1) Qcoh(X) is an abelian subcategory of Mod(X).
(2) Qcoh(X) is a Grothendieck category (see [6]).
For any Op-module M , we shall denote by M˜ the quasi-coherent module on Up defined by
M˜x = M ⊗Op Ox. In other words, M˜ = π
∗M , where π : (Up,O|Up) → (∗,Op) is the natural
morphism of ringed spaces. The functors
Qcoh(Up)→ Mod(Op)
M Mp
,
Mod(Op)→ Qcoh(Up)
M  M˜
are mutually inverse.
Definition 1.4. A schematic finite space is a finite space (X,O) such that Riδ∗O is quasi-
coherent for any i ≥ 0, where δ : X → X×X is the diagonal morphism. If in addition Riδ∗O = 0
for any i > 0, then we say that (X,O) is a semi-separated finite space.
Definition 1.5. A morphism f : X → Y is said to be schematic if RiΓ∗OX is quasi-coherent for
any i ≥ 0, where Γ: X → X × Y is the graphic of f . For any schematic morphism f : X → Y ,
the spaces X and Y are always assumed to be finite spaces (Definition 1.3).
The following basic properties of schematic spaces, semi-separated spaces and schematic mor-
phisms may be found in [12].
Proposition 1.6. (1) A morphism f : X → Y is schematic if and only if: for any x ≤ x′ ∈
X, any y ≤ y′ ∈ Y , and any i ≥ 0, the natural morphisms
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H i(Ux ∩ f
−1(Uy),OX )⊗OX,x OX,x′ → H
i(Ux′ ∩ f
−1(Uy),OX)
H i(Ux ∩ f
−1(Uy),OX)⊗OY,y OY,y′ → H
i(Ux ∩ f
−1(Uy′),OX)
are isomorphisms.
(2) A finite space (X,O) is semi-separated if and only if:
(a) H i(Up ∩ Uq,O) = 0 for any p, q ∈ X and any i > 0.
(b) O(Up ∩ Uq) ⊗Op Op′ → O(Up′ ∩ Uq) is an isomorphism for any p, q ∈ X and any
p′ ≥ p.
(3) A finite space (X,O) is schematic if and only if Up is semi-separated for any p ∈ X.
(4) If f : X → Y is an schematic morphism, then Rif∗M is quasi-coherent for any i ≥ 0 and
any quasi-coherent module M on X. Moreover, for any x ∈ X, the induced morphism
f¯ : Ux → Uf(x) satisfies: R
if¯∗M = 0, for any i > 0 and any quasi-coherent module M on
Ux, so
f¯∗ : Qcoh(Ux)→ Qcoh(Uf(x))
is an exact functor.
(5) If X is schematic, then the inclusion j : U →֒ X is schematic, for any open subset U .
(6) If X is semi-separated, then for any p ∈ X, the inclusion j : Up →֒ X satisfies:
(a) j∗ : Qcoh(Up) → Qcoh(X) is an exact functor and H
i(X, j∗M) = 0 for any i > 0
and any quasi-coherent module M on Up.
(b) For any x ∈ X the morphism Op → O(Up ∩ Ux) is flat and for any quasi-coherent
module M on Up the natural morphism
Mp ⊗Op O(Up ∩ Ux)→M(Up ∩ Ux)
is an isomorphism.
To conclude this section, we shall use without further mention that any Grothendieck abelian
category has enough K-injectives ([1]).
2. Standard resolution, pseudo-cech resolution and quasicoherentation
Let (X,O) be a finite ringed space of dimension n and let M be an O-module.
Definition 2.1. We say that an ordered chain x0 < · · · < xi of points of X belongs to an open
subset U (denoted by (x0 < · · · < xi) ∈ U) if all the xi belong to U ; since U is open, it suffices
that x0 ∈ U .
Definition 2.2. The standard complex of M is the complex of O-modules
C•M := 0→ C0M→ C1M→ · · · → CnM→ 0 (n = dimX)
defined as follows: for each open set U of X,
(CiM)(U) =
∏
(x0<···<xi)∈U
Mxi
and the restriction morphisms (CiM)(U) → (CiM)(V ) are the natural projections (the set of
chains belonging to U is the disjoint union of the set of chains belonging to V and the set of
chains belonging to U but not belonging to V ).
6 F. SANCHO DE SALAS AND J.F. TORRES SANCHO
The differential d : CiM → Ci+1M is defined as follows: for each element s = (sx0<···<xi) ∈
(CiM)(U), the element ds ∈ (Ci+1M)(U) is given by the formula:
(ds)x0<···<xi+1 =
i∑
k=0
(−1)ksx0<···<x̂k<···<xi+1 + (−1)
i+1s¯x0<···<xi ∈ Mxi+1 ,
where the notation x̂k means that we omit the element xk and s¯x0<···<xi is the image of the
element sx0<···<xi ∈ Mxi by the restriction morphism Mxi →Mxi+1 .
One easily checks that d ◦ d = 0. There is also a natural morphism M → C0M, which is
injective.
Remark 2.3. A morphism of modules M →M′ induces a morphism of modules CiM → CiM′
and then a morphism of complexes C•M→ C•M′. It is clear thatM CiM is an exact functor.
Remark 2.4. Let us denote βiX = {(x0, . . . , xi) ∈ X ×
i
· · · ×X : x0 < · · · < xi} with the discrete
topology and let OβiX be the sheaf of rings on β
iX defined by
(OβiX)x0<···<xi = Oxi .
We have two natural morphisms of ringed spaces π0, πi : (β
iX,OβiX) → (X,O), defined as
π0(x0 < · · · < xi) = x0 and πi(x0 < · · · < xi) = xi (and the obvious morphisms between
the sheaves of rings). Then
CiM = π0∗(π
∗
iM).
Definition 2.5. For each open subset U of X, we shall denote
MU := j∗M|U ,
where j : U →֒ X is the natural inclusion.
Definition 2.6. The pseudo-Cech complex of M is the complex of O-modules
Cˇ•M := 0→ Cˇ0M→ Cˇ1M →· · · → CˇnM→ 0 (n = dimX)
defined by
CˇiM =
∏
x0<···<xi
MUxi
and the differential dˇ : CˇiM → Cˇi+1M is defined as follows: for each element s = (sx0<···<xi) ∈
(CˇiM)(U), the element dˇs ∈ (Cˇi+1M)(U) is given by the formula:
(dˇs)x0<···<xi+1 =
i∑
k=0
(−1)ksx0<···<x̂k<···<xi+1 + (−1)
i+1s¯x0<···<xi ∈ MUxi+1 (U),
where the notation x̂k means we omit the element xk and s¯x0<···<xi is the image of the element
sx0<···<xi ∈ MUxi (U) by the natural morphism MUxi (U) −→MUxi+1 (U).
One easily checks that dˇ ◦ dˇ = 0. There is a natural morphism M→ Cˇ0M which is inyective.
A morphism of modules M → M′ induces a morphism of modules CˇiM → CˇiM′ and then a
morphism of complexes Cˇ•M→ Cˇ•M′.
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2.1. Quasicoherentation. Let (X,O) be a finite space The inclusion Qcoh(X) →֒ Mod(X)
commutes with direct limits. Since Qcoh(X) is a Grothendieck category, it has a right adjoint
Qc: Mod(X)→ Qcoh(X).
Remark 2.7. One easily checks that Qc is additive and left exact. Its restriction to cuasicoherent
O-modules is the identity.
The right derived functor RQc: D(X)→ DQcoh(X) is a right adjoint of the natural functor
DQcoh(X)→ D(X).
Proposition 2.8. Let (X,O) be a finite ringed space and let M, N be O-modules.
(1) For any i ≥ 0,
HomO(N , Cˇ
iM) = Γ(X, CiHomO(N ,M)).
(2) For any i ≥ 0,
HomO(N , C
iM) =
∏
x0<···<xi
HomOxi (Nx0 ⊗Ox0 Oxi ,Mxi).
(2’) If N is quasicoherent, then
HomO(N , C
iM) =
∏
x0<···<xi
HomOxi (Nxi ,Mxi)
(3) If (X,O) is schematic, then
Qc(CiM) =
∏
x0<···<xi
j∗M˜xi
where j : Uxi →֒ X is the natural inclusion.
(3’) If X is schematic and M is quasi-coherent, then
Qc(CiM) = CˇiM.
(4) If (X,O) is semi-separated, the functor
Qc ◦Ci : Mod(X)→ Qcoh(X)
is exact.
(5) If X is a finite space and M is injective, then CiM is also injective.
(6) If X is semi-separated and M is flat, then Qc(CiM) is also flat.
Proof. (1) follows from the definitions and the isomorphism
HomO(N ,MUx) = HomO|Ux (N|Ux,M|Ux) = HomO(N ,M)x
for any x ∈ X.
(2) follows from the equality CiM = π0∗(π
∗
iM) (Remark 2.4), taking into account that β
iX
is discrete. If N is quasi-coherent, then Nx0 ⊗Ox0 Oxi = Nxi and we obtain (2’). If X is
schematic and N is quasi-coherent, then j∗M˜xi is quasi-coherent and HomOxi (Nxi ,Mxi) =
HomO(N , j∗M˜xi). Thus (3) follows from (2’). Moreover, if M is quasi-coherent, then j∗M˜xi =
MUxi and we obtain (3’). If X is semi-separated, then the functor M  j∗M˜xi is exact. Thus
(4) follows from (3).
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(5) Let I be an injective O-module. In order to prove that CiI is injective, it suffices to see,
by (2), that Ix is an injective Ox-module for any x ∈ X (notice that the morphisms Ox0 → Oxi
are flat by hypothesis). For any Ox-module N , one has
HomOx(N,Ix) = HomO|Ux (N˜ ,I|Ux)
and one concludes because I|Ux is an injective O|Ux-module.
(6) IfM is flat, thenMx is a flat Ox-module for any x ∈ X and then M˜x is a flat O|Ux-module.
We conclude by (3) and the following
Lemma 2.9. Let X be a semi-separated finite space, j : Ux →֒ X the natural inclusion and P a
quasi-coherent and flat module on Ux. Then j∗P is flat.
Proof. For any p ∈ X, one has that (j∗P)p = P(Ux ∩Up). Since X is semi-separated, one has an
isomorphism Px ⊗Ox O(Ux ∩ Up)
∼
→ P(Ux ∩ Up) which is a flat Op-module because Px is a flat
Ox-module and Op → O(Ux ∩ Up) is flat. 

Theorem 2.10. Let (X,O) be a finite ringed space, M an O-module.
(1) C•M is a finite and flasque resolution of M.
(2) If (X,O) is semi-separated and M is quasi-coherent, then Cˇ•M is a resolution of M by
acyclic quasi-coherent O-modules.
Proof. (1) See [12, Theorem 2.15].
(2) CˇiM is acylic, since MUx is acyclic for any x ∈ X because X is semi-separated. Let us
see that Cˇ•M is a resolution of M. For any open subset U of X, let us denote OU the sheaf O
supported on U . For any O-module L, one has:
HomO(O
U ,L) = Γ(U,L), HomO(O
U ,L) = LU .
Then
(Cˇ•M)x = HomO(O
Ux , Cˇ•M) = Γ(X, C•(HomO(O
Ux ,M))) = Γ(X, C•(MUx)),
where the second equality is due to Proposition 2.8, (4). Thus, H i[(Cˇ•M)x] = H
i(X,MUx). Since
X is semi-separated, H i(X,MUx) = 0 for i > 0 and we are done. 
Remark 2.11. IfM is a complex of O-modules, then C•M denotes the simple (or total) complex
associated to the bicomplex CpMq. Analogously, Cˇ•M denotes the simple complex associated to
the bicomplex CˇpMq. Taking into account the boundedness of the complexes C• and Cˇ•, Theorem
2.10 yields that M→ C•M is a quasi-isomorphism and so is M→ Cˇ•M if X is semi-separated
and M is a complex of quasi-coherent modules.
3. Semi-separated finite spaces
Let (X,O) be a finite space. We shall denote by D(X) the derived category of complexes of
O-modules and by DQcoh(X) the derived category of complexes of quasi-coherent O-modules.
We shall denote by Dqc(X) the full subcategory of D(X) whose objects are the complexes of
O-modules with quasi-coherent cohomology. The objects of these categories have a very simple
description:
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A complex M of O-modules is the same as giving: a complex Mx of Ox-modules, for each
x ∈ X, and a morphism of complexes of Ox-modules
rxx′ : Mx →Mx′
for each x ≤ x′, such that rxx = Id for any x and rxx′′ = rx′x′′ ◦ rxx′ for any x ≤ x
′ ≤ x′′. If we
denote
r˜xx′ : Mx ⊗Ox Ox′ →Mx′
the morphism of Ox′-modules induced by rxx′ then:
(1) M is a complex of quasi-coherent modules if and only if r˜xx′ is an isomophism for any
x ≤ x′.
(2) M is a complex with quasi-coherent cohomology if and only if r˜xx′ is a quasi-isomorphism
for any x ≤ x′.
Theorem 3.1. Let (X,O) be a semi-separated finite space. Then CiM is Qc-acyclic, for any
O-module M and any i ≥ 0. Consequently,
(1) RiQc(M) = 0 for any i > dimX and any O-module M.
(2) For any complex M of O-modules
RQc(M) ≃ Qc(C•M).
In particular, any complexM of quasi-coherent modules is Qc-acylic andM≃ RQc(M).
Proof. Let M → I• be an injective resolution. By Proposition 2.8, (4), Qc(CiM) → Qc(CiI•)
is still a resolution. We conclude because CiI• is a resolution of CiM (Ci is exact) by injectives
(Proposition 2.8, (5)).
If M is a complex of quasi-coherent modules, then Qc(C•M)
2.8,(3’)
= Cˇ•M
2.10
≃ M.

Theorem 3.2 (Bokstedt-Neeman Theorem for semi-separated finite spaces). Let (X,O) be a
semi-separated finite space. The functor DQcoh(X)→ Dqc(X) is an equivalence.
Proof. By Theorem 3.1, RQc(M) ≃ Qc(C•M). The key point is to prove that the natural
morphism
Qc(C•M)→ C•M
is a quasi-isomorphism for any complex M with quasi-coherent cohomology. It suffices to prove
that
H idM [Qc(C
•M)]→ H idM [C
•M]
is a quasi-isomorphism, where dM : C
pMq → CpMq+1 is the “vertical” differential of the bicom-
plex CpMq (and analogously for the bicomplex Qc(CpMq)). Since Qc ◦C• and C• are exact, this
amounts to prove that
Qc(C•H i(M))→ C•H i(M)
is a quasi-isomorphism; that is, we may assume thatM is a quasi-coherent module. In this case,
Qc(C•M) = Cˇ•M by Proposition 2.8, (3’). We conclude because M → Cˇ•M and M → C•M
are quasi-isomorphisms (Theorem 2.10).
Now let us conclude the proof of the theorem. If M ∈ Dqc(X), the quasi-isomorphism
Qc(C•M) → C•M gives an isomorphism in Dqc(X), RQc(M) ≃ M, i.e., the composition
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Dqc(X)
RQc
→ DQcoh(X) → Dqc(X) is isomorphic to the identity. If M ∈ DQcoh(X), the
natural morphism M = Qc(M) → Qc(C•M) is a quasi-isomorphism, because its composi-
tion with Qc(C•M) → C•M is a quasi-isomorphism. Thus, we have obtained an isomorphism
M ≃ RQc(M) in DQcoh(X), so the composition DQcoh(X) → Dqc(X) → DQcoh(X) is
isomorphic to the identity. 
Corollary 3.3. Let X be an schematic finite space. The functor Dqc(X) →֒ D(X) has a right
adjoint.
Proof. We have to prove:
(*) for any N ∈ D(X) there exists an object Nqc ∈ Dqc and a morphism Nqc → N such that
HomD(X)(M,Nqc)→ HomD(X)(M,N ) is an isomorphism for any M∈ Dqc(X).
We proceed by induction on #X = number of elements of X. If #X = 1, then X is semi-
separated and then RQc: D(X) → DQcoh(X)
3.2
≃ Dqc(X) is a right adjoint. Now let #X be
greater than 1. If X has a minimun, X = Up, then X is semi-separated and we conclude as
before. If X has not a minimum, then X = U ∪ V , with U, V open subsets different from X. Let
us denote i : U →֒ X, j : V →֒ X and h : U ∩ V →֒ X the inclusions. By induction, there exist
(N|U )qc ∈ Dqc(U), (N|V )qc ∈ Dqc(V ), (N|U∩V )qc ∈ Dqc(U ∩V ) and morphisms α : (N|U)qc → N|U ,
β : (N|V )qc → N|V and γ : (N|U∩V )qc → N|U∩V satisfying (*). Then α|U∩V and β|U∩V factor
through γ. Hence we obtain morphisms
Ri∗(N|U )qc
φ
−→ Rh∗(N|U∩V )qc, Rj∗(N|V )qc
ψ
−→ Rh∗(N|U∩V )qc
and commutative diagrams
Ri∗(N|U )qc //

Rh∗(N|U∩V )qc

Ri∗N|U // Rh∗N|U∩V
Rj∗(N|V )qc //

Rh∗(N|U∩V )qc

Rj∗N|V // Rh∗N|U∩V
Let us consider the triangle N → Ri∗N|U ⊕Rj∗N|V → Rh∗N|U∩V and the commutative diagram
N // Ri∗N|U ⊕ Rj∗N|V // Rh∗N|U∩V
Ri∗(N|U )qc ⊕ Rj∗(N|V )qc
φ−ψ //
OO
Rh∗(N|U∩V )qc
OO
.
Let us define Nqc := Cone(φ − ψ)[−1] and let Nqc → N be a morphism completing the above
diagram to a morphism of exact triangles. This morphism satisfies (*). Indeed, for any M ∈
Dqc(X) one has that
Hom(M,Ri∗N|U) = Hom(M|U ,N|U) = Hom(M|U , (N|U)qc) = Hom(M,Ri∗(N|U)qc)
and analogously for V and U ∩ V . One concludes by applying Hom(M, ) to the morphism of
exact triangles. 
Remark 3.4. There are non-schematic finite spaces where Bokstedt-Neeman theorem holds. For
example, for any affine finite space X, one has an equivalence Dqc(X) ≃ DQcoh(X) and they
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are both equivalent to D(A), with A = O(X) (see [12, Proposition 3.17]). Thus, for any finite
space X, Bokstedt-Neeman holds locally: Dqc(Ux) ≃ DQcoh(Ux) ≃ D(Ox) for any x ∈ X.
Let f : X → Y be a schematic morphism between finite spaces. Since Qcoh(X) is a Grothendieck
abelian category, the functor f∗ : Qcoh(X)→ Qcoh(Y ) has a right derived functor
Rqcf∗ : DQcoh(X)→ DQcoh(Y ).
Theorem 3.5. Let f : X → Y be a schematic morphism between semi-separated finite spaces.
The diagram
DQcoh(X)
Rqcf∗ //

DQcoh(Y )

D(X)
Rf∗ // D(Y )
is conmutative.
Proof. The proof consists on proving that the pseudo-Cech resolution M → Cˇ•M allows us to
derive both functors, and this reduces to prove that for any x ∈ X and any quasi-coherent module
M on X one has:
(1) Rf∗MUx = f∗MUx .
(2) Rqcf∗MUx = f∗MUx .
Let us consider the conmutative diagram
X
f // Y
Ux
?
i
OO
f¯ // Uf(x).
?
j
OO
Let us prove (1). One has: MUx = i∗M|Ux = Ri∗M|Ux , becauseM|Ux is cuasicoherent and X
is semi-separated. Thus:
Rf∗MUx = Rf∗Ri∗M|Ux = Rj∗(Rf¯∗M|Ux).
Now, f¯∗M|Ux = Rf¯∗M|Ux because f is schematic (see Proposition 1.6) and j∗f¯∗M|Ux = Rj∗f¯∗M|Ux
because Y is semi-separated. Hence, Rf∗MUx = j∗f¯∗M|Ux = f∗MUx .
Now let us prove (2). Let I• be a resolution of M|Ux by injective quasi-coherent modules.
Since i∗ : Qcoh(Ux)→ Qcoh(X) is exact and takes injectives into injectives, we have that i∗I
• is
a resolution of MUx by quasi-coherent injective OX -modules. Then
Rqcf∗MUx = f∗i∗I
• = j∗f¯∗I
•.
Now, j∗f¯∗I
• is a resolution of j∗f¯∗M|Ux = f∗MUx , because f¯∗ : Qcoh(Ux) → Qcoh(Uf(x)) and
j∗ : Qcoh(Uf(x))→ Qcoh(Y ) are exact functors. 
Theorem 3.6. The category of quasi-coherent modules on a semi-separated finite space has
enough flats.
12 F. SANCHO DE SALAS AND J.F. TORRES SANCHO
Proof. Let M be a quasi-coherent module on a semi-separated finite space (X,O). Let
P = · · · → P−1 → P0 → 0
be a resolution of M by flat (non quasi-coherent) modules. Let Q := Qc(C•P). By Proposition
2.8, (6), Q is a bounded above complex of flat quasi-coherent modules. Moreover, Q ≃ RQc(P) ≃
RQc(M) ≃M, hence H i(Q) = 0 for i 6= 0 and H0(Q) =M. Thus,
τ≤0Q = · · · → Q
−2 → Q−1 → Z0 → 0
with Z0 the 0-cycles of Q, is a resolution ofM by quasi-coherent modules and we conclude if we
prove that Z0 is flat. This follows from the fact that
0→ Z0 → Q0 → Q1 → · · · → Qn → 0
is an exact sequence and Qi are flat. 
4. Grothendieck duality
Theorem 4.1. Let f : X → Y be a morphism between finite ringed spaces. The functor Rf∗ : D(X)→
D(Y ) has a right adjoint f ! : D(Y )→ D(X).
Proof. Let n = dimX. For each 0 ≤ p ≤ n the functor f∗C
p : Mod(X) → Mod(Y ) is exact and
conmmutes with filtered direct limits. Thus, for each N ∈ Mod(Y ) the functor
Mod(X)→ Abelian groups
M Hom(f∗C
p(M),N )
is representable by an OX -module f
−pN . A morphism of OY -modules N → N
′ induces a
morphism of OX-modules f
−pN → f−pN ′. Moreover, the natural morphism f∗C
p → f∗C
p+1
induces a morphism f−p−1N → f−pN . Thus, if N is a complex of OY -modules, we obtain a
bicomplex f−pN q (whis is zero whenever p < 0 or p > n) whose associated simple complex shall
be denoted by f∇N . For any complex M of OX -modules, the isomorphism
HomOY (f∗C
p(Mi),N q) = HomOX (M
i, f−pN q)
extends to a complex isomorphism
Hom•(f∗C
•(M),N ) = Hom•(M, f∇N ).
Thus, if N is K-injective, f∇N is K-injective too. For any N ∈ D(Y ), we define f !N := f∇I,
with N → I a K-injective resolution, and one has
Hom•(f∗C
•(M),I) = Hom•(M, f∇I)
and then
RHom•(Rf∗(M),N ) = RHom
•(M, f !N ).

Theorem 4.2. Let f : X → Y be a morphism between finite spaces (Definition 1.3). One has:
(1) The functor Rf∗ : DQcoh(X)→ D(Y ), composition of DQcoh(X)→ D(X) and D(X)
Rf∗
→
D(Y ), has a right adjoint.
(2) If f is schematic, the functor Rf∗ : DQcoh(X)→ Dqc(Y ) has a right adjoint.
(3) If X and f are schematic, the functor Rf∗ : Dqc(X)→ Dqc(Y ) has a right adjoint.
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(4) If f is schematic and X,Y are semi-separated, the functor Rqcf∗ : DQcoh(X)→ DQcoh(Y )
has a right adjoint.
Proof. (1) follows from Theorem 4.1 and from the fact that DQcoh(X) → D(X) has a right
adjoint (in fact, RQc).
(2) Since f is schematic, Rf∗ maps Dqc(X) into Dqc(Y ). We conclude by (1).
(3) follows from Theorem 4.1 and Corollary 3.3.
(4) follows from (3) and Theorems 3.2, 3.5. 
5. Schemes
Let S be a quasi-compact and quasi-separated scheme. It is proved in [13] that there exists a
schematic finite space (X,O) and a morphism of ringed spaces
π : (S,OS)→ (X,O)
such that, for any x ∈ X, the preimage Ux := π−1(Ux) is an affine scheme. Moreover, S is a
semi-separated scheme if and only if (X,O) is a semi-separated finite space. We say that S → X
is a finite model of S. If f : T → S is a morphism of schemes between quasi-compact and quasi-
separated schemes, one can find finite models X and Y of T and S and a (schematic) morphism
f¯ : X → Y making the diagram
T
f //

S

X
f¯ // Y
commutative, and we say that f¯ is a finite model of f .
Theorem 5.1. ([13, Thm. 3.15]) Let S be a quasi-compact and quasi-separated scheme and let
π : S → X be a finite model. The functors
π∗ : Qcoh(S)→ Qcoh(X), π
∗ : Qcoh(X)→ Qcoh(S)
are exact and mutually inverse. In particular, we obtain an equivalence DQcoh(S) ≃ DQcoh(X).
Let us see now that the same happens with the derived categories of complexes with quasi-
coherent cohomology. We shall need the following:
Theorem 5.2. ([5, Thm. 5.1]) Let S = SpecA be an affine scheme and π : SpecA→ (∗, A) the
natural morphism. The functor
π∗ : D(A)→ Dqc(S)
is an equivalence.
Remark 5.3. (1) Since Rπ∗ : Dqc(S) → D(A) is a right adjoint of π
∗, it is its inverse. Thus
the natural morphisms M → Rπ∗π
∗M and π∗Rπ∗M → M are isomorphisms, for any
M ∈ D(A), M ∈ Dqc(S). Notice also that Rπ∗ = RΓ(S, ).
(2) If S′ = SpecA′ is an affine open subscheme of S, then j∗π∗M ≃ π′∗(M ⊗A A
′), where
j : S′ →֒ S is the natural immersion and π′ : S′ → (∗, A′) is the natural morphism. It
follows that the natural morphism
RΓ(S,M)⊗A A
′ → RΓ(S′,M)
is an isomorphism.
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Theorem 5.4. Let S be a quasi-compact and quasi-separated scheme and π : S → X a finite
model. For any M∈ Dqc(S), Rπ∗M belongs to Dqc(X) and the functors
Rπ∗ : Dqc(S)→ Dqc(X), π
∗ : Dqc(X)→ Dqc(S)
are mutually inverse.
Proof. Let M ∈ Dqc(S). In order to prove that Rπ∗M has quasi-coherent cohomology, we have
to see that for any x ≤ x′ the natural morphism
(Rπ∗M)x ⊗Ox Ox′ → (Rπ∗M)x′
is an isomorphism. Since (Rπ∗M)x = RΓ(U
x,M), this follows from Remark 5.3. Now, for any
x ∈ X, the functors
Rπ∗ : Dqc(U
x)→ Dqc(Ux), π
∗ : Dqc(Ux)→ Dqc(U
x)
are mutually inverse, since both categories are equivalent to D(Ox) by Theorems 5.2 and Remark
3.4. For any M ∈ Dqc(S), the natural morphism π
∗
Rπ∗M→M is an isomorphism, because it
is so after restricting to each Ux. For any N ∈ Dqc(X) the natural morphism N → Rπ∗π
∗N is
an isomorphism because it is so after restricting to each Ux. 
Remark 5.5. (1) Let S be a quasi-compact and quasi-separated scheme and π : S → X a finite
model. The diagram
DQcoh(S)
pi∗≀

// Dqc(S)
Rpi∗≀

DQcoh(X) // Dqc(X)
(whose vertical morphisms are isomorphisms by Theorems 5.1 and 5.4) is commutative. Indeed,
let us denote i : DQcoh(S) → Dqc(S) and j : DQcoh(X) → Dqc(X) the natural functors. For
any N ∈ DQcoh(X), one has π∗j(N ) = i(π∗N ). One concludes because π∗ is the inverse of π∗
and Rπ∗.
(2) Let f : T → S be a morphism of schemes between quasi-compact and quasi-separated
schemes and let T
f //
p

S
q

X
f¯ // Y
be a finite model.
The diagram (whose vertical morphisms are isomorphisms by Theorem 5.4)
Dqc(T )
Rp∗≀

Rf∗ // Dqc(S)
Rq∗≀

Dqc(X)
Rf¯∗ // Dqc(Y )
is commutative. This is clear: Rq∗ ◦Rf∗ = R(q ◦ f)∗ = R(f¯ ◦ p)∗ = Rf¯∗ ◦Rp∗.
Now, Theorems 5.1, 5.4 and Remark 5.5 allow to transport the results obtained on finite spaces
(Theorems 3.2, 3.5, 3.6 and 4.2) to schemes:
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Theorem 5.6. Let S be a quasi-compact and semi-separated scheme. Then
(1.a) The natural functor DQcoh(S)→ Dqc(S) is an equivalence ([5]).
(1.b) The category Qcoh(S) has enough flats ([9]).
Let f : T → S be a morphism of schemes between quasi-compact and quasi-separated schemes.
Then
(2.a) The functor Rf∗ : Dqc(T )→ Dqc(S) has a right adjoint ([11],[7]).
(2.b) If T, S are semi-separated, then the diagram
DQcoh(T )
Rqcf∗ //

DQcoh(S)

D(T )
Rf∗ // D(S)
is conmutative ([7]) and the functor Rqcf∗ : DQcoh(T )→ DQcoh(S) has a right adjoint ([11]).
6. Ringed Spaces
Let us first recall the notion of an affine ringed space introduced in [12] (see also [14]).
Definition 6.1. Let (S,OS) be a ringed space and A = OS(S). We say that (S,OS) is an affine
ringed space if:
(1) It is acyclic: H i(S,OS) = 0 for any i > 0.
(2) The functor
Qcoh(S)→ {A−modules}
M Γ(S,M)
is an equivalence.
In the topological case (i.e., OS = Z), (S,Z) is an affine ringed space if and only if S is
homotopically trivial (where S is assumed to be path-connected, locally path-connected, and
locally simply connected). If (S,OS) is a scheme, then (S,OS) is an affine ringed space if and
only if S is an affine scheme, i.e., S = SpecA. See [14] for the proofs.
Definition 6.2. (See [13, Section. 2.2]) Let S be a topological space and let U = {U1, . . . , Un}
be a finite open covering. For each s ∈ S, let us denote
U s =
⋂
s∈Ui
Ui.
Let ∼ be the equivalence relation on S defined as: s ∼ s′ ⇔ U s = U s
′
, and let X = S/ ∼ the
(finite) quotient set, with the topology associated to the partial order: [s] ≤ [s′] iff U s ⊇ U s
′
.
The quotient map π : X → S is continuous and π−1(Ux) = U
s for any s ∈ S, with x = π(s). We
say that X is the finite topological space associated to U . If OS is a sheaf of rings on S, then
O := π∗OS is a sheaf of rings on X and (S,OS) → (X,O) is a morphism of ringed spaces. We
say that (X,O) is the finite ringed space associated to the covering U of (S,OS).
Definition 6.3. Let (S,OS) be ringed space and U a finite open covering. We say that U is
locally affine if U s is an affine ringed space for any s ∈ S. This is equivalent to say that the
associated map π : S → X is “affine”: π−1(Ux) is affine for any x ∈ X. In this case we say that
(X,O) is a finite model of (S,OS).
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Remark 6.4. It is proved in [14] that if U is a locally affine finite covering of (S,OS) and
π : (S,OS) → (X,O) is the associated finite ringed space, then the direct image π∗ takes quasi-
coherent modules on S into quasi-coherent modules on X and the functors
π∗ : Qcoh(S)→ Qcoh(X), π
∗ : Qcoh(X)→ Qcoh(S)
are mutually inverse.
Definition 6.5. We say that a ringed space (S,OS) is quasi-compact and quasi-separated if it
admits a locally affine finite covering U such that for any U s ⊇ U s
′
the ring homomorphism
OS(U
s) → OS(U
s′) is flat. This is equivalent to say that (S,OS) admits a finite model (X,O)
which is a finite space (Definition 1.3).
Examples 6.6. (1) Any finite simplicial complex S is quasi-compact and quasi-separated (i.e.,
(S,Z) is a quasi-compact and quasi-separated ringed space). This is due to Mc Cord ([8]).
(2) Any finite h-regular CW-complex is quasi-compact and quasi-separated (see [3]).
(3) If (S,OS) is a scheme, then (S,OS) is a quasi-compact and quasi-separated ringed space
if and only if it is a quasi-compact and quasi-separated scheme (see [12, Proposition 2.4]).
Theorem 6.7. If (S,OS) is a quasi-compact and quasi-separated ringed space, then Qcoh(S) is
a Grothendieck abelian category. Moreover, Qcoh(S) admits flat covers and cotorsion envelopes.
Proof. By definition S admits a locally affine finite covering U such that the associated finite
ringed space (X,O) is a finite space. Since Qcoh(X) is a Grothendieck abelian category, one con-
cludes by Remark 6.4 that Qcoh(S) is also a Grothendieck abelian category. Moreover, the equiv-
alence π∗ : Qcoh(X) → Qcoh(S) preserves tensor products and hence flatness. Since Qcoh(X)
admits flat covers and cotorsion envelopes ([6]), Qcoh(S) also does. 
Definition 6.8. Let f : (T,OT ) → (S,OS) be a morphism of ringed spaces between quasi-
compact and quasi-separated ringed spaces. The inverse image f∗ : Qcoh(S) → Qcoh(T ) has a
right adjoint, because Qcoh(S) is a Grothendieck abelian category. This right adjoint shall be
denoted by
f qc∗ : Qcoh(T )→ Qcoh(S)
and named quasi-coherent direct image. If f∗ : Mod(T ) → Mod(S) is the ordinary direct im-
age functor, then for any quasi-coherent module M on T one has: f qc∗ M = Qc(f∗M), where
Qc: Mod(S) → Qcoh(S) is the quasi-coherator functor (i.e., the right adjoint of the inclusion
functor Qcoh(S) →֒ Mod(S)). Since Qcoh(T ) is a Grothendieck abelian category, f qc∗ has a right
derived functor, which shall be denoted by
Rqcf
qc
∗ : D(Qcoh(T ))→ D(Qcoh(S).
Notation. Let U be a finite open covering of S. For any s, s′ ∈ S we shall denote
U ss
′
= U s ∩ U s
′
.
Definition 6.9. Let U be a finite open covering of a ringed space (S,OS). We say that U is a
semi-separating covering of (S,OS) if:
(1) U is locally affine and OS(U
s) → OS(U
t) is flat for any U s ⊇ U t (hence (S,OS) is quasi-
compact and quasi-separated).
(2) H i(U ss
′
,OS) = 0 for any i > 0 and any s, s
′ ∈ S.
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(3) For any s, s′ ∈ S and any U s ⊇ U t, the natural morphism
H0(U ss
′
,OS)⊗OS(Us) OS(U
t)→ H0(U ts
′
,OS)
is an isomorphism.
A ringed space (S,OS) is called semi-separable if it admits a semi-separating covering.
Remark 6.10. (1) A locally affine covering U is semi-separating if and only if the associated finite
ringed space (X,O) is semi-separated. Thus a semi-separable ringed space is a ringed space that
admits a semi-separated finite model.
(2) A scheme (S,OS) is semi-separable if and only if it is a semi-separated scheme.
(3) Any semi-separated finite space is semi-separable, but the converse is not true. For example,
a finite topological space is semi-separable if and only if it is homotopically trivial and it is semi-
separated if and only if it is irreducible (in particular, it is contractible).
Theorem 6.11 (Grothendieck duality for semi-separable ringed spaces). Let f : (T,OT ) →
(S,OS) be a morphism of ringed spaces between semi-separable ringed spaces. Assume that
there exist a semi-separating covering U = {U1, . . . , Un} of T and a semi-separating covering
V = {V1, . . . , Vm} of S such that:
(1) f is compatible with U and V: for any t ∈ T one has that U t ⊆ f−1(V f(t)).
(2) For any U t ⊇ U t
′
and any V s ⊇ V s
′
the natural morphisms
H i(U t ∩ f−1(V s),OT )⊗OT (U t) OT (U
t′)→ H i(U t
′
∩ f−1(V s),OT )
H i(U t ∩ f−1(V s),OT )⊗OS(V s) OS(V
s′)→ H i(U t ∩ f−1(V s
′
),OT )
are isomorphisms for any i ≥ 0.
Then Rqcf
qc
∗ : DQcoh(T )→ DQcoh(S) has a right adjoint.
Proof. Let (X,OX ) (resp. (Y,OY )) be the finite ringed space associated to U (resp. to V). They
are semi-separated finite spaces, because U and V are semi-separating. Condition (1) yields that
there exists a continous map f¯ : X → Y such that the diagram
T
f //

S

X
f¯ // Y
is commutative. Moreover, f¯ is a morphism of ringed spaces. Now, condition (2) implies that f¯
is a schematic morphism (and then f¯ qc∗ = f¯∗). Let us consider the diagram
DQcoh(T )
Rqcf
qc
∗ //
≀

DQcoh(S)
≀

DQcoh(X)
Rqcf¯∗ //
≀

DQcoh(Y )
≀

Dqc(X)
Rf¯∗ // Dqc(Y ).
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The vertical functors are equivalences, by Remark 6.4 and Theorem 3.2, and the squares are
commutative (the higher one is immediate and the lower one is due to Theorem 3.5). We conclude
by Theorem 4.2. 
Example 6.12. Let f : (T,OT )→ (S,OS) be a morphism of ringed spaces between semi-separable
ringed spaces. Assume that f is “affine”, i.e., there exists a semi-separating covering V =
{V1, . . . , Vm} of S such that f
−1(V s) is affine for any s ∈ S. Then Rqcf
qc
∗ : DQcoh(T ) →
DQcoh(S) has a right adjoint.
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